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ABSTRACT
The problem under consideration is to determine the change of the Cosmic Microwave Back-
ground (CMB) spectral shape due to the thermal Sunyaev-Zeldovich effect. We numerically
model the spectral intensity of the CMB radiation Comptonized by the hot intergalactic
Maxwellian plasma. To this aim, a relativistic Monte Carlo code with photon weights is de-
veloped. The code enables us to construct the Comptonized CMB spectrum in a wide energy
range. The results are compared with known analytical solutions and previous numerical sim-
ulations. We also calculate the angular distributions of the intensity of radiation emerging from
the cloud, which show that the spectral shape of the tSZ effect is not universal for different di-
rections of escaping photons. The numerical method can be applied to simulate the processes
of Comptonization for different optical depths, temperatures, initial spectra of photon sources
and their spatial distributions, the obtained results may have implications on investigating the
profiles of galaxy clusters.
Key words: (cosmology:)cosmic background radiation - galaxies:clusters:intracluster
medium - radiation transfer - scattering
1 INTRODUCTION
The formulation of the Comptonization theory has been exten-
sively developed in astrophysics and cosmology, including studies
of galactic X-ray and γ-ray sources, active galactic nuclei, super-
nova remnants, and the early Universe. The first principal progress
was made thanks to the introduction of the Kompaneets equa-
tion (Kompaneets 1956). This equation describes the evolution of
the photon occupation number due to the Compton scattering by
thermal electrons and takes into account the Doppler shift, recoil,
and induced scattering of photons. An important cosmological ap-
plication of the Comptonization theory has been scrutinized after
discovery of a relative decrease of the CMB temperature in the di-
rections of galaxy clusters (Pariiskii 1972; Gull & Northover 1973;
Lea et al. 1973; Birkinshaw, Gull & Northover 1978). The corre-
sponding problem of modifying the spectrum of a source of low-
frequency photons in a hot intergalactic gas has been repeatedly
solved analytically and numerically.
The change of the brightness temperature and intensity of the
CMB radiation due to scattering by thermal electrons of the in-
tercluster gas was predicted analytically by Sunyaev & Zeldovich
(1969) (see also Zeldovich & Sunyaev 1969) and is known as the
thermal Sunyaev-Zeldovich effect (tSZ effect). The main results
of this works are derived under the assumption that the parameter
Θ = kBTe/(mc2) is small, where Te is the electron temperature, k is
? E-mail: mgornost@gmail.com
the Boltzmann constant, m is the electron mass, and c is the speed of
light. Characteristic to tSZ effect is that in the low-frequency range
of the spectrum the relative change of the intensity or temperature
does not depend on the frequency. Another effect, the kinematic
Sunyaev-Zeldovich effect (Zeldovich & Sunyaev 1980), is a mani-
festation of the cluster motion as a whole and is determined by its
peculiar velocity.
It is important to keep in mind other assumptions underlying
the Kompaneets equation: the relatively small energy transfer be-
tween a photon and an electron in one scattering, the isotropy of the
photon space phase function, the non-relativistic Maxwellian distri-
bution of electron velocities, ignoring of the possible macroscopic
motions, inhomogeneity of the medium, and spatial and time vari-
ability of the temperature. Therefore, more sophisticated models
(analytical or numerical) of the Comptonization process are neces-
sary for a reasonable comparison with observations and a correct
interpretation of the latter.
For example, the discoveries of a number of galaxy clus-
ters with high electron temperatures (more than 15 keV) lead to
an issue of the CMB distortion related to the relativistic effects.
The foremost approaches to this problem are based on the deriv-
ing single-scattering profiles of the soft monochromatic photons
(Wright 1979; Rephaeli 1995) or on the high-order Fokker-Planck
considerations of the kinetic equation in order to obtain the rel-
ativistic corrections of the Sunyaev-Zeldovich formula (Itoh, Ko-
hyama & Nozawa 1998; Challinor & Lasenby 1998).
The solutions mentioned above describe the behaviour of a
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model spectrum in the vicinity of the spectral maximum. Actually,
Comptonization changes the initial spectrum of the soft photons
also at the high frequencies, resulting in a power-law tail. The cor-
responding power-law spectral index in this range was found by
Titarchuk & Lyubarskij (1995), where the problem about the first
eigenfunction of the spatial transfer operator was solved for the
spherical and slab plasma clouds with electrons distributed in ac-
cordance with the relativistic Maxwellian law. The authors were in-
terested in a factorized solution satisfying the kinetic equation afar
from the characteristic frequency of the photon source. The slope of
spectra at these frequencies was determined as the function of the
Thomson optical depth of the cloud and the electron temperature.
Observational CMB distortions by hot galaxy clusters with
complex geometries and physical conditions can be comprehen-
sively modeled using the Monte Carlo technique. In this paper
we present the numerical Monte Carlo simulations which produce
the Comptonized spectra in a wide energy range including high-
frequency power-law spectra regions. Here we present the version
of the code that takes into account the thermal Comptonization. We
show the consistency of our numerical results with the existing ana-
lytic solutions in the cases where the latter can be applied. We also
calculate for the angular dependence of the spectral CMB distor-
tions due to thermal Comptonization in a spherical plasma cloud.
In Section 2, we present basic relations describing the Comp-
tonization process and using in the calculations. The physical mod-
els, the method and testing of the code are described in Section 3.
Results of the computations of CMB modification, including the in-
vestigation of angular dependence of spectra and spectral distortion
function, are presented in Section 4 and we provide some conclud-
ing remarks in Section 5.
2 BASIC RELATIONS
The thermal Comptonization is a modification of the radiation spec-
trum due to inverse Compton scattering of photons by thermal elec-
trons. The basic equations and expressions for quantities in the
foundation of the theory of this process have been considered in
a number of preceding papers. Nevertheless, it seems reasonable to
summarize them here before presenting our numerical calculations.
2.1 Scattering
Let κ and 3 denote the initial photon wavevector and incoming elec-
tron velocity in the laboratory reference frame, respectively, and
Ω = κ/κ denote the unit vector in the direction of the photon prop-
agation within the solid angle dΩ before scattering; the primed
symbol Ω′ characterises the direction of the scattered photon. Let
η = Ω · 3/3, η′ = Ω′ · 3/3 and η0 = Ω ·Ω′. To find the change of the
photon frequency after a single scattering one can use the conser-
vation law for the electron and photon four-momenta (Berestetskii
et al. 1982). As a result, the following expression is obtained:
ν′
ν
=
D
D′ + hν
γmc2 (1 − η0)
, (1)
where ν and ν′ are the photon frequencies before and after the scat-
tering, respectively, D = 1 − η3/c, D′ = 1 − η′3/c, γ is the Lorentz
factor, h is the Planck constant. In the case of 3 = 0, the Doppler
shift is zero, and the ratio ν′/ν is determined by the recoil effect
only.
The differential scattering cross-section is given by the expres-
sion
dσ
dΩ′
=
r2e
2γ2
X
D2
(
ν′
ν
)2
, (2)
where
X =
χ
χ′
+
χ′
χ
+ 4
(
1
χ
− 1
χ′
)
+ 4
(
1
χ
− 1
χ′
)2
, (3)
with
χ =
2hν
mc2
γD, χ′ =
2hν′
mc2
γD′, (4)
and re = e2/(mc2) is the classical electron radius.
The total scattering cross-section can be expressed by the
well-known Klein-Nishina formula,
σ(χ) =
2pir2e
χ
{(
1 − 4
χ
− 8
χ2
)
ln(1 + χ) +
1
2
+
8
χ
− 1
2(1 + χ)2
}
.
(5)
The mean free path is determined by the scattering probability
and for the case of a homogenous medium reads as
〈λ〉 =
∫
dp f (p)
ne
∫
dp f (p)σ(χ)D
, (6)
where ne is the electron number density, p is the electron momen-
tum, f (p) is the relativistic Maxwellian distribution. Taking into ac-
count the isotropy of the latter, the mean relative frequency change
due to scattering can be written as
〈ν′ − ν〉
ν
= 〈λ〉
∫ (
ν′
ν
− 1
)
dσ
dΩ′
D f (p)p2dp dΩ′ dΩ. (7)
When both the recoil effect and the Doppler shift are present, one
can obtain
〈ν′ − ν〉
ν
=
4kBTe − hν
mc2
. (8)
2.2 On some theoretical approaches to the tSZ effect
The classical approach to the tSZ effect is based on an approximate
solution of the Kompaneets equation (Kompaneets 1956). One con-
siders the regime when the recoil effect and induced scattering are
of no concern, which takes place if the photon energy hν  kBTe
and the photon occupation number n  1. Then the Kompaneets
equation is written as
∂n
∂y
=
1
x2
∂
∂x
(
x4
∂n
∂x
)
(9)
where y = Θτ is the Comptonization parameter, with τ is the Thom-
son optical depth of the medium, and the dimensionless photon
energy x = hν/kBTr is expressed through the CMB temperature
Tr ' 2.7255 K.
In the case when y-parameter is small with respect to unity
one can use the perturbation theory by substituting the undisturbed
Planckian value of the occupation number, n = (ex − 1)−1, in the
r.h.s. of eq. (9). Then one obtains the minor distortion of mean in-
tensity Jν = 2hν3n/c2 (Zeldovich & Sunyaev 1969),
∆Jν
τ
= I0Θ
x4ex
(ex − 1)2
(
x
ex + 1
ex − 1 − 4
)
, (10)
where I0 = 2(kBTr)3/(hc)2 ≈ 270 MJy sr−1. In the Rayleigh-Jeans
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asymptotic the relative change of the intensity and brightness tem-
perature of initially blackbody radiation is
∆Jν
Jν
=
∆TRJ
TRJ
= −2y. (11)
The solution of eq. (9) for any y comes to solution of well-known
initial value problem for the diffusion equation and has the form
(Zeldovich & Sunyaev 1969; Syunyaev 1980)
Jν(x, y) =
1√
4piy
∫ ∞
0
Jν(x′, 0)
( x
x′
)3
exp
(
− (3y + ln x/x
′)2
4y
)
dx′
x′
.
(12)
The relativistic correction to the solution (10) can be achieved
by the Fokker-Planck expansions of higher orders of the kinetic
equation (Itoh et al. 1998; Challinor & Lasenby 1998; Sazonov &
Sunyaev 1998). To compare our results with the previous works, we
will reproduce the solutions for the intensity distortion of Itoh et al.
(1998), which are at the same time in agreement with the solutions
presented by Challinor & Lasenby (1998). The solution including
the terms up to the fifth order in Θ (Itoh et al. 1998) has the form
∆Jν
τ
= I0Θ
x4ex
(ex − 1)2 (Y0 + ΘY1 + Θ
2Y2 + Θ3Y3 + Θ4Y4), (13)
where Y0 is just the expression in the brackets of eq. (10) and other
Y functions can be found in Itoh et al. (1998). However, these ex-
pansions converge too slowly with increasing temperature due to
a widening of the scattering kernel. The consideration of the ef-
fects of multiple scattering was carried out by Itoh et al. 2001 in
the framework of the Fokker-Planck expansion treatment. The so-
lutions for arbitrary electron temperature which, additionally, also
take into consideration the multiple scattering, are obtained by a
Monte Carlo modelling of the radiation transfer (Molnar & Birkin-
shaw 1999) or by a numerical calculation of the Boltzmann col-
lision integral (Itoh et al. 2001, Dolgov et al. 2001, Chluba et al.
2012).
3 NUMERICAL COMPUTATIONS
3.1 The models and the method
To calculate the spectra formed by interaction of low-energy pho-
tons with intergalactic hot gas in galaxy clusters we apply a model
of spherically symmetric homogeneous medium, possible shocks
and local motions of matter are ignored. Spectral and space distri-
bution of the source photons can be various. Under the Thomson
optical thickness of the cloud of radius R we will hereafter under-
stand its optical radius τ0 = neσTR, where σT is the Thomson scat-
tering cross-section.
Three cases of the photon sources distributions are considered:
to compare with some previous analytical and numerical results,
we examine a monochromatic point source at the centre of a ho-
mogeneous sphere as well as uniformly distributed sources over
the sphere volume; to model the CMB Comptionization, we set
isotropic blackbody photon sources uniformly on the sphere sur-
face, and only the photons, with wavevectors initially making the
angles less than pi/2 with the direction to the sphere center, are
taken into account.
To model spherically symmetric distributions of particles, it
is convenient to use spherical coordinates and determine the start-
ing points of photon trajectories using a joint distribution density
p(r, θ, ϕ). Since the spherical coordinates of each point are inde-
pendent, the joint distribution function is factorized. Then each of
the quantities r, θ, ϕ can be modelled independently. The general
form of the equations for the calculation of independent random
variable q reads as follows:
F(q) = ξi, i = 1, 2, 3, (14)
where F(q) is a distribution function. Everywhere below, ξ denote
the pseudo-random numbers, i.e. independent values of the random
quantity distributed uniformly in the interval from 0 to 1. For their
generation the C standard library function rand() is used. For ex-
ample, in the case of a uniformly distributed points, equations (14)
lead to the following relations for the modelling of random spheri-
cal coordinates r, θ, ϕ
r = 3
√
ξ1, cos θ = 2ξ2 − 1, ϕ = 2piξ3. (15)
The logarithmic energy grid is determined as hν j =
10(N1+hν( j−1)) [eV], where 10N1 is the minimum energy, hν is the step,
and j = 1...Nν.
The energy of the injected photon is modelled in accordance
with the number density distribution, corresponding to the Planck-
ian spectrum,
p(ν) =
h2ν2
2ζ(3)(kBTr)3
1
e
hν
kBTr − 1
, (16)
where ζ(3) is the value of the Riemann zeta function.
Let Ωi is the photon direction after the i-th scattering. The
random initial photon direction Ω0 (i = 0 at the initial point of the
trajectory) is chosen in accordance with relations, following from
the equations (14),
Ω3 = 2ξ1 − 1, Ω1 =
√
1 −Ω23 cos(2piξ2), (17)
Ω2 =
√
1 −Ω23 sin(2piξ2).
In the situation when a small optical depth is considered and
a direct Monte Carlo method is inappropriate because of a great
number of trajectories required, we use the algorithm based on the
computation of the photon weights (Pozdnyakov, Sobol & Syun-
yaev 1983; Molnar & Birkinshaw 1999). After energy, position and
direction of the photon are set, its mean free path 〈λi〉 is calculated
numerically in accordance with (6). The distance to the boundary
of the cloud after the scattering which took place at the point with
coordinate ri is
li = −(riΩi) +
√
R2 − r2i + (riΩi)2, (18)
and the photon escape probability is
Li = exp(−li/〈λi〉). (19)
The radius of the cloud R is equal to unity in our computations.
The weight of the scattered part of the photon is wi+1 = wi(1 − Li),
with w0 = 1; the free path is λi = −〈λi〉 ln(1 − ξ(1 − Li)), where ξ
is a random number, and coordinate of the next scattering is ri+1 =
ri + λiΩi.
The simulation of each scattering event begins with modelling
of a scattering electron whose direction can be set making use the
relations (17).
The value of the electron momentum is modelled in accor-
dance with the relativistic Maxwellian distribution, the density of
which in terms of the dimensionless electron temperature Θ and
momentum z = pmc has the form
p(z) =
z2
ΘK2(1/Θ)
exp
− √1 + z2
Θ
 , (20)
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where K2(1/Θ) is the modified Bessel function of the second kind
of order two, and 0 < z < ∞. Following Pozdnyakov et al. (1983),
to rise the speed of the code performance, we use a rejection tech-
nique, separately in the cases of low and high temperature of the
plasma. The electron under consideration is accepted as a scatter-
ing particle if it satisfies the following selection condition
ξ <
3
16pir2e
σ(χ)D, (21)
where ξ is a random number.
Now it is necessary to obtain the direction of the photon propa-
gation and its energy after the scattering. Let φ′ be the azimuthal an-
gle being counted in the plane perpendicular to the electron veloc-
ity vector (see Pozdnyakov et al. (1983) for details concerning the
determination of corresponding reference frame). The joint prob-
ability density function of the random variable η′ and φ′ can be
presented in the form
p(η′, φ′) =
1
σ
dσ
dΩ
=
r2e
σ
X
2γ2D′2
(
χ′
χ
)2
. (22)
Then the possible direction of the photon after choosing new ξ1 and
ξ2 is
η′ =
3/c + 2ξ1 − 1
1 + (3/c)(2ξ1 − 1) , φ
′ = 2piξ2. (23)
The algorithm to model η′, φ′ is dictated by a theorem under-
lying the von Neumann method of calculation of random quanti-
ties, whose probability density has the form (22), i.e. adds up to the
product of some another probability density and bounded function.
After calculating the quantity Y = X2(χ′/χ)2 6 2 we choose
the direction η′, φ′ as a new photon direction if Y > 2ξ. Otherwise
the procedure of the choice of η′, φ′ repeats. The new value of the
photon energy is calculated in accordance with eq. (1).
Therefore, for each trajectory with number s we obtain the set
of quantities
I˜ sj =
∞∑
i=0
wiLiδi, j, (24)
where
δi, j = 1, νi ∈ [ν j−1, ν j), (25)
δi, j = 0, otherwise.
Then the summation over all trajectories, the number of which is
equal to Nt, gives the spectrum
I˜ j =
1
Nt
Nt∑
s=1
I˜ sj , (26)
where the quantities I˜ j are proportional to the intensities since the
logarithmic energy grid is used, and their normalization is such that
Nν∑
j=1
I˜ j = 1. (27)
Calculated in such a way quantities I˜ j can be related with the mean
intensity. In §4.2 we consider the problem of angular distribution
of the Comptonized radiation.
3.2 The test problems
For the verification of the code we have solved several benchmark
problems and compared the results with earlier analytical and nu-
merical solutions.
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Figure 1. Comptonization of the monochromatic photons with the initial
energy 10−9mc2. The photon sources are uniformly distributed over the vol-
ume of an optically thin spherical cloud with the Thomson optical depth (a)
τ0 = 10−3, (b) τ0 = 0.01, (c) τ0 = 0.1. Monte Carlo results are shown by
the blue curves, and their fits by the broken power laws corresponding to
the Green function (28) are shown by the dashed lines. The electron tem-
perature in units of mc2 is indicated next to each curve.
3.2.1 Monochromatic low-frequency uniformly distributed
photon sources
If the energy of the soft injected photons is fixed, the behaviour
of the solution in this case is determined generally by the electron
temperature and optical thickness of the cloud. For the optically
thick non-relativistic plasma the problem was solved analytically
by Sunyaev & Titarchuk (1980). When the recoil and induced scat-
tering are neglected, the analytical solution is presented by the con-
volution of the initial spectrum ν˜0δ(ν˜ − ν˜0), where ν˜ = hν/kBTe, ν˜0
MNRAS 000, 1–12 (2020)
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Table 1. Best-fit values of the parameters obtained by fitting the line pro-
files, presented in Fig. 1.
τ0 Θ α
+ α−
10−3 0.01 17.32 20.29
0.05 7.32 10.11
0.15 4.07 6.73
10−2 0.01 15.59 18.56
0.05 6.45 9.3
0.15 3.56 6.35
10−1 0.01 12.02 14.94
0.05 4.82 7.88
0.15 2.57 5.65
is the frequency of the source photons, with the Green function
G(ν˜, ν˜0) =
α(α + ς)
2α + ς
1
ν˜0
(
ν˜
ν˜0
)α+ς
, ν˜ ∈ [0, ν˜0], (28)
G(ν˜, ν˜0) =
α(α + ς)
2α + ς
1
ν˜0
(
ν˜
ν˜0
)−α
, ν˜ ∈ [ν˜0,∞),
where ς = 3. Then the mean intensity of the emergent radiation (in
dimensionless units) in this particular case is given by
Jν(ν˜, ν˜0) = ν˜0 G(ν˜, ν˜0), (29)
that is fulfilled exactly for the photon sources, distributed in ac-
cordance with eq. (8) from Sunyaev & Titarchuk (1980). In the
same paper authors notice that for the translucent and optically thin
media (τ < 3) the emergent spectra obtained through the convolu-
tion diverge from the Monte Carlo spectra obtained by Pozdniakov,
Sobol & Siuniaev (1979a), while both approaches are in agreement
for the optically thick cases.
In Fig. 1, the Monte Carlo spectra of initially monochromatic
photons, obtained in the present work, are showed for different
plasma temperatures and optical depth (a) τ0 = 10−3, (b) τ0 = 0.01,
(c) τ0 = 0.1. The dependencies are plotted against the photon en-
ergy together with the results of the fit by a broken power law
Jν = C1`1(ν˜/ν˜0)α− + C2`2(ν˜/ν˜0)−α+ , where C1 and C2 are constants;
`1 = 1, when ν˜ ∈ [0, ν˜0], and `1 = 0 otherwise; `2 = 1 − `1. For the
case of C1 = C2, corresponding to the fit by the broken power-law
Green function, the obtained values of the parameters α− and α+ are
presented in Table 1. During the fitting we exclude the points lying
in the low- and high-frequency ranges, where the relative dimen-
sionless intensity is extremely low (less than 10−16) and deviates
from the power law. Notice that in the case of C1 , C2, when the
left and right line wings are fitted separately, we obtain the similar
values of the parameters.
It can be seen from Fig. 1 that the role of the multiple scat-
terings increases with τ0. For larger τ0 (Fig. 1c) the Monte Carlo
spectra conform better to the analytical solution (29): the problem
progressively converges to the diffusion one.
In the optically-thin medium, the contribution from the pho-
tons undergoing N  1 scatterings is insignificant in the total emer-
gent power. Actually, they produce the power-law part of the spec-
trum far from the initial line energy, where the relative intensity is
very low (see also Pozdniakov, Sobol & Sunyaev 1979b). The spec-
trum near the initial line energy is formed mainly by the photons
undergoing a few scattering events (Fig. 1a, b). The narrow peak is
formed by unscattered photons.
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Figure 2. The line profile P1(S ) formed by once-scattered monoenergetic
soft photons. Dashed black lines correspond to the analytical expression for
P1(S ) (eq. (19) from Molnar & Birkinshaw 1999), blue histograms show
the Monte Carlo spectra. The electron temperature Θ is indicated near the
curves.
The equality
1
Nt
Nt∑
s=1
 ∞∑
i=1
wi

s
= τ0 (30)
is fulfilled in our numerical procedure with a high accuracy for the
models of the point source and the surface-distributed sources. If
only the first scattering event is taken into account in the aforemen-
tioned sum, the right-hand side changes to ∼ 0.96τ0.
For the sources uniformly distributed over the sphere volume,
the right-hand side of eq. (30) equals ∼ 0.77τ0 when all the scat-
terings are included, and ∼ 0.71τ0, if only the first scattering is
considered.
3.2.2 Redistribution of photons in a single scattering
To check the reliability of our numerical computations, we model
the function P1(S ), describing redistribution over the frequencies
of single-scattered initially monochromatic photons of frequency
ν0 (Rephaeli 1995), with S = ln(ν/ν0). Details of the analytical
calculation of P1(S ) can be found in Molnar & Birkinshaw (1999).
In Fig. 2, both the numerical and analytical results are presented,
being in an excellent agreement. For computational reasons, the
initial energy of the photons is set to 10−8mc2. The purpose of this
test was to check the algorithms of the present code, which are
responsible for the numerical realization of the relativistic Compton
scattering kernel.
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Figure 3. Monte Carlo modelling of the emerged Comptonized spectra
of the low-frequency point blackbody photon source with temperature
10−8mc2 in the centre of a cloud with relativistic electrons, Θ = 0.5. The
optical thickness τ0 is shown in the legend.
3.2.3 Planckian low-frequency central source
In Fig. 3, the spectra calculated by the Monte Carlo code for the
spherical cloud with a central point source of photons are presented.
The intensity of the seed photons is the Planck function. The results
are in accordance with the earlier calculations of Pozdnyakov et al.
(1983) (see their figure 37).
3.2.4 The spectral index: comparison with the solution of the
first eigenvalue problem
The behavior of the power-law spectral index as a function of tem-
perature and optical depth in the problem of Comptonization of soft
radiation was investigated by Titarchuk & Lyubarskij (1995). The
authors were finding a solution of the stationary kinetic equation
Ω · ∇Iν(r, ν,Ω) =
∫
4pi
dΩ′
∞∫
0
dν′
(
ν
ν′
σs(ν′ → ν, η0,Θ)Iν(r, ν′,Ω′) (31)
−σs(ν→ ν′, η0,Θ)Iν(r, ν,Ω)) + S (ν),
where Iν(r, ν,Ω) is radiation intensity, for the case of S (ν) = 0,
i.e. for the photon energies far enough from the energy hν0 of the
source. Under the assumption of a low-frequency photon source
(hν  kBTe for all injected photons) only the Doppler term can be
left, and the Klein-Nishina scattering kernel has the form
σs(ν→ ν′, η0,Θ) = 3σT16pi
ne
ννˆ
∫
d3
f (3)
γ
δ
(
γ
(
D
νˆ′
− D
′
νˆ
))
× (32)
×
1 + (1 − 1 − η0
γ2DD′
)2 ,
where νˆ = hν/mc2. Here the dependence on the initial and final
photon directions is changed for the dependence on the η0.
With such scattering kernel σs and assuming a power-law
spectral distribution, problem (31) is reduced to the eigenvalue
problem for the spatial operator, which in the optically thick plasma
comes to the diffusion one. In the optically thick case, the first
eigenfunction, which is broken power-law, is enough to describe
the spectral shape practically at any frequency, even very near the
source energy. Furthermore, if the plasma is non-relativistic, the
solution of the problem reduces to the one described in Sunyaev &
Titarchuk (1980). In the optically thin case, the first eigenfunction
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Figure 4. The power-law spectral index plotted as a function of the optical
thickness τ0. The lines show the analytical values calculated using eq. (33).
The temperature Θ is indicated in the legend. Each dot corresponds to the fit
of the Monte Carlo spectra produced by Comptonization of monoenergetic
photons from uniformly distributed sources.
is not sufficient to represent the solution accurately near the initial
photon energy, as can be seen, for example, from Fig. 1a, b.
The results of calculations of spectral index α as a function of
the optical thickness τ0 are presented in Fig. 4. The index is found
from the dispersion relation (Titarchuk & Lyubarskij 1995)
C0(Θ, α)Λ(τ0) = 1, (33)
where C0 is the first (non-zero) coefficient in the expansion of the
phase function in a series of Legendre polynomials and Λ is the first
eigenvalue of the radiation transfer integral operator (see equation
(16) of Titarchuk & Lyubarskij 1995).
Numerical results for α are shown by points in Fig. 4. Each
point represents a fit to a Monte Carlo spectrum produced as a result
of Comptonization of the monoenergetic photons in the case of the
uniformly distributed sources. As one can see, the spectral indexes
of the numerically obtained spectra are in a good agreement with
the analytical ones.
Although the intensity in the power-law region of the spectra
is relatively insignificant for τ  1, our results demonstrate the
contribution of multiple scattering events in the situation of an op-
tically thin medium and their increasing role in the spectrum with
growing optical thickness.
3.3 Internal parameters of the code
Besides the physical parameters of the model, like the optical depth,
plasma temperature, and temperature of the injected radiation, there
are parameters of the numerical procedure: the cutoff energy, the
step of the energy grid, and the number of the trajectories. We
choose these quantities depending on the specific situation.
Since the form of the Comptonized spectrum of a monoen-
ergetic line near the maximum has a complicated shape, it is rea-
sonable to check the influence of the parameters of the numerical
procedure for all problems under consideration.
The tests show that the spectrum shape (including the distor-
tion curves, see below) becomes independent of the number of the
calculated trajectories Nt starting from some number N′t < Nt (and
thus Nt can be used to obtain the final results). Moreover, it was
checked that the cutoff energy is chosen low enough not to have an
effect in the spectral region under examination. A variation of the
step of the energy grid influences the smoothness of the function,
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obtained by interpolating the histogram (26). The step is chosen in
a reasonable manner for a specific problem, taking into account the
required precision and computational possibilities. Therefore, we
believe that the physical adequacy of our numerical results is quite
justified.
4 MODIFICATIONS OF CMB SPECTRUM
4.1 Angle-averaged tSZ effect
The normalized distortion of the CMB calculated in accordance
with eq. (10) and eq. (13), does not depend on the cloud optical
depth. Our computations confirm the validity of this statement in
the frequency range usually involved in the analysis of the SZ effect
and show that it holds independently from the temperature and the
distribution of the incident photons (see below).
In Fig. 5, the results of the numerical computations, as well
as the solutions (10) and (13) are presented (hereafter in the figures
and the text the intensity and its distortions are measured in units of
I0). The dots correspond to the quantities I˜ j, given by eq. (26) and
taken at the geometrical mean of the energetic boundaries of the
bins, i.e., we assume that in these points the histogram values are
proportional to the intensity, I˜ j−1/2 = I˜ j(
√
ν j−1ν j) ∝ Jν(√ν j−1ν j).
Hereafter Jν is the intensity averaged over the hemisphere outer
with respect to the cloud boundary, Jν =
∫ 1
0
Iν(µ)dµ, where Iν(µ)
is the radiation spectral intensity at the boundary, with µ is the co-
sine of the angle between a given direction and the outer normal
to the sphere at the same point. (Due to the spherical symmetry
of the problem, at each point on the surface the dependence of
the intensity on the angle is the same, so we are not interested in
the coordinates of the emitted photons. The dependence on the az-
imuthal angle measured in the plane tangent to the sphere at the es-
cape point is also absent, of course.) The quantity Jν characterises
only the radiation outgoing from the cloud (‘Comptonized’ pho-
tons). Considering the mean intensity at the boundary one can ob-
tain J′ν =
1
2
∫ 1
−1 Iν(µ)dµ = (Bν + Jν)/2.
Our numerical solutions for the distortion ∆Jν = Jν − Bν =
2(J′ν − Bν), being normalized to τ0, are in a good agreement with
the solution (13) in the particular temperature range. Thus, numer-
ical calculations show that the transition to the deviation of mean
intensity J′ν − Bν at the boundary can be carried out by multiplying
the normalized distortion ∆Jν/τ0 by the factor τ0/2. The expres-
sion eq. (13) becomes inaccurate already at the temperatures about
0.04mc2 (however, the same solution is more accurate for such tem-
peratures when it includes only the first four terms, see Itoh et al.
1998).
In Fig. 6a, the solutions in the wider range of temperatures,
from Θ = 0.01 to Θ = 0.1 are plotted for two values of the optical
thickness of the cloud, τ0 = 0.1 and τ0 = 0.05. Apparently, there
is no significant dependence on τ0. Since the solutions of the type
(10) and (13) are obtained under the condition that the y-parameter
is fixed for all the photons independently from their initial direc-
tion, we compare them also with calculations in the model of the
central point source for τ0 = 0.1 and τ0 = 0.05 (Fig. 6b). The lin-
earity of the effect on τ0 seems to be a property independent from
the plasma temperature and from the model of the initial spatial dis-
tribution of the photons in the considered range of τ0. The minor
deviations from linearity on τ0, registered in the current calcula-
tions, are browsed in Fig. 6.
For methodological aims, we have also solved the Comp-
tonization problem for the photon sources uniformly distributed
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Figure 5. The distortion of spectral intensity of the Comptonized black-
body photons, calculated in accordance with eq. (10) (dot-dashed lines) and
eq. (13) (solid lines) and as a result of the Monte Carlo computations in the
model of the photons sources uniformly distributed on the spherical surface
(dots with dashed lines). The dimensionless temperature Θ is indicated in
the legend.
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Figure 6. The distortion of spectral intensity of the Comptonized blackbody
photons, calculated numerically for different Θ from 0.01 to 0.1, indicated
for the curves in the legends (the absolute value of distortion grows with
Θ). The calculations are carried out in the frame of the boundary-distributed
photon sources model (a) and the central source model (b), for optical thick-
ness τ0 equal to 0.1 (solid lines with circles) and 0.05 (dashed lines).
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Figure 7. Spectral distortions of the CMB, obtained for three different dis-
tributions of the blackbody source photons: central source (1), uniformly
distributed sources on the sphere surface (2), uniformly distributed sources
over the sphere volume (3). In each case, the curve of lesser amplitude cor-
responds to Θ = 0.03, and the other, to Θ = 0.07. The optical thickness
τ0 = 0.1.
Table 2. Best-fit spectral index α obtained by fitting the CMB power-law
spectral interval. Model 1 is the photon sources distributed over the spheri-
cal surface, and Model 2 is the central point source. The values of α∗(τ0,Θ)
are given by the solution of eq. (33).
Model 1 Model 2
τ0 Θ α α α
∗
0.1 0.01 12.73 12.39 12.68
0.02 8.69 8.45 8.64
0.03 6.75 6.58 6.86
0.05 5.09 5.04 5.11
0.07 4.24 4.15 4.20
0.1 3.44 3.39 3.40
0.05 0.01 14.42 14.77 14.05
0.02 9.77 9.71 9.62
0.03 7.81 7.55 7.67
0.05 5.84 5.71 5.75
0.07 4.72 4.70 4.74
0.1 3.90 3.84 3.86
over the volume of the spherical cloud. In Fig. 7, the results ob-
tained in the three different models of initial spatial photon distri-
butions are compared. The amplitude of the effect for uniformly
distributed sources is lessened. The linearity on τ0 still takes place
near the source frequency. The ratio of the quantity ∆Jν for the
uniform spatial initial photon distribution to the one in the case
of boundary-distributed (or central) source is ∼ 0.74 − 0.76 in the
vicinity of the maximal deviation. This approximately corresponds
to the coefficient 0.77 in the r.h.s of eq. (30).
Examples of the calculated spectra, demonstrating the power-
law character at high frequencies, are presented in the Figs. 8a and
8b, for the sources at the surface of the sphere and the central
source, respectively (the dot markers are hereafter dropped from
the figures). The spectrum slope is practically independent from
the model (it is also the same for the volume-distributed sources).
The values of the spectral index α∗, calculated in accordance with
eq. (33), as well as values α obtained by fitting the power-law part
of numerically calculated spectra, can be found in Table 2.
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Figure 8. Spectra of the CMB after the thermal Comptonization in a galaxy
cluster, calculated for the optical thickness τ0 equal to 0.1 (solid lines) and
0.05 (dashed lines) in the boundary-distributed photon sources model (a),
and in the model of central source (b). The temperature Θ is indicated in the
legends.
4.2 Angle-resolved tSZ effect
The calculation of the spectra described above implies the summa-
tion of the values (24) corresponding to all the ’parts’ of photons
emitted from the cloud, regardless of the escape directions. We now
ask ourselves about the angular distribution of the spectral inten-
sity of radiation transmitted through the cloud, Iν(µ). Let us con-
sider in this subsection solely the model of the surface-distributed
sources and introduce an additional uniform grid for the value of µ:
µk = khµ, k = 0...10, hµ = 0.1.
Fig. 9 shows the distortions ∆Iν(µ)/τ0 (with ∆Iν(µ) = Iν(µ) −
Bν) of the spectral intensity of the radiation outgoing from the
cloud surface in different directions. The corresponding spectra are
plotted in Fig. 10. We assume that the intensity is proportional to
the calculated quantities I˜k taken at the centres of the µ-bins, i.e.
I˜k−1/2 = I˜k(µk−1/2) ∝ Iν(µk−1/2), with µk−1/2 = (µk−1 + µk)/2. The
legends in the panels are displayed in terms of the right boundaries
of µ-bins (which are set to be twice wider than in calculations de-
scribed in §4.1).
The linearity of spectral distortion on the optical thickness of
the cloud τ0 holds for each direction (with accuracy demonstrating
in Fig. 9). The spectra at different angles differ markedly from each
other in shape. The radiation coming out in the directions corre-
sponding to the values of µ close to zero brings the significant con-
tribution to the mean intensity mainly through a slightly distorted
(flattened) Planck hump. The spectral distortion of corresponding
spectra is relatively insignificant (Fig. 9), the intensity of the Comp-
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Figure 9. The distortion of spectral intensity of the CMB calculated for different directions of the photons, outgoing from the cloud, and for the set of values
of temperature Θ: (a) 0.01, (b) 0.02, (c) 0.03, (d) 0.05, (e) 0.07, (f) 0.1. The optical thickness τ0 = 0.1 (solid lines) and τ0 = 0.05 (dashed lines), the same
colours correspond to the same µ.
tonization tails has less magnitude (Fig. 10) compared with the in-
tensity in other directions at the fixed frequency. Thus, as one might
intuitively expect, at the small values of µ the radiation has the least
distorted spectrum.
The radiation coming out in the directions close to the direc-
tion of the outer normal to the cloud boundary (µ is close to 1) is
characterized by a more pronounced manifestation of the Comp-
tonization effect. The result of a significant outflow of photons into
the Wien region of the spectrum is visible, a power-law tail begins
at lower frequencies (the ‘bend’ disappears) and has a relatively
high intensity. Such spectra are formed by photons, which, on av-
erage, experience a larger number of scattering events than the av-
erage number over the angle-integrated spectrum.
To describe the results additionally, we have plotted in Fig. 11
the angular dependence of the spectral distortion of the CMB radia-
tion, outgoing from the cloud, for the different electron temperature
and for three values of the dimensionless photon energy, x = 2,
x = 4.3, and x = 8 (these particular distributions correspond to
calculations for τ0 = 0.1). The energies x = 2 and x = 8 are not
so far from the characteristic energies of the minimum and max-
imum of the angle-averaged effect, respectively. In the vicinity of
x = 4.3, where the angular distributions have the similar form inde-
pendently from the temperature, there is a tendency for the curves,
corresponding to each Θ, to inverse their order (cf. Fig. 11a and
Fig. 11c).
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Figure 10. Spectral intensity of the CMB, outgoing from the cloud in different directions, calculated for the set of values of temperature Θ: (a) 0.01, (b) 0.02,
(c) 0.03, (d) 0.05, (e) 0.07, (f) 0.1. The optical thickness τ0 = 0.1 (solid lines) and τ0 = 0.05 (dashed lines), the same colours correspond to the same µ.
4.3 Applying to observations fitting
The number of CMB experiments (future, under the development
or already active) will result in a significant progress in the sen-
sitivity of observations. At present there are several subarcminute
instruments: ALMA and ACA arrays (84-116 GHz), the bolometer
camera MUSTANG-2 on the Green Bank Telescope (90 GHz), the
camera NIKA2 on the IRAM telescope, working at frequencies 150
and 260 GHz. Although the important advances in the detection of
the SZ effect have been achieved with these tools, as well as in the
frames of a number of other experiments (Planck satellite, ACT
and SPT telescopes, APEX-SZ, CARMA (SZA), etc.), there is still
ample scope for developing the existing observational base. The
future instrumentation — AtLAST and CSST telescopes, CMB-S4
project, Simons Observatory and many others — implies increas-
ing available frequency resolution in the wide band from several
tens to several hundreds GHz. The reference information on the
projects and a detailed description can be found, for instance, in a
recent review by Mroczkowski et al. (2019).
The wider FoV and higher spatial resolution will lead to the
refinement of description of intergalactic medium state. The stan-
dard description of tSZ signal is related with the angle-averaged
solutions for the distortion ∆Jν from §4.1. The spatially resolved
observations in accordance with our computations are expected
to be characterised by the normalized intensity spectral distortion
(caused by tSZ effect) whose shape depends on the specific direc-
tion of line of sight.
The way of the fitting of observational data using the code
described in our paper is determined by the specific aims and char-
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acteristic time necessary to achieve them. The spectra described
above (and the corresponding distortion functions) are calculated
typically for the time from a day to several days, depending on the
values of the parameters and the task. The calculations are carried
out on the based on Intel Core i9-9900KF machine, simultaneously
for different sets of the problem parameters (for each set the pro-
gram is executed by a single thread, the typical time of computa-
tions is specified above under the condition when there is no more
than one run per physical core.)
Thus, in order to fit the observations it seems reasonable to
calculate preliminary an extensive set of spectra for different values
of the parameters that are varied with the definite steps, and further
to select the theoretical spectrum which fits the observed one best
of all. If necessary, it is possible to perform additional simulations
and make a more accurate fit around the found first approximation,
selecting parameters using a smaller step between its values. The
general regularities inherent in the fitting procedure are well traced
from the particular results described above.
5 CONCLUSION
In the present work we demonstrate the possibilities of our Monte
Carlo numerical code for modelling the radiation transfer in the
hot relativistic plasma with the examples of solving the number of
benchmark problems. We use them to investigate the properties of
the thermal Comptonization of the CMB on the electrons of the
intergalactic medium of galaxy clusters.
The tSZ effect has been investigated by us in the wide tem-
perature range from 0.01mc2 to 0.1mc2 and for the different values
of the Thomson optical thickness of the cloud. The CMB spectra,
including their power-law tails, are calculated with insignificant er-
rors up to energies x & 80 for most computations.
Several test problems solved here confirm the results of the
previous researches, showing at the same time the limits of their
applicability. The test problem to find spectra of the once-scattered
photons has been solved and demonstrated the physical adequacy
of our numerical realisation of the relativistic Compton scattering
kernel.
The computed line profiles of the initially monochromatic soft
photons with energy hν0  kBTe show that the spectrum slope in
the vicinity of the source differs from its value at ν  ν0, where the
spectral distribution is a power-law. The fitting of the line profiles
by the broken power-law Green function (28) leads to the conclu-
sion that the spectral indexes α− and α+ at the different sides of the
line frequency are related as α− = α+ + ς, where ς ∼ 3 even in the
case of the optically thin medium. The spectral index α, obtained
by fitting power-law intervals of the spectra of monochromatic line,
is very close to the one found from eq. (33). The power-law tails
of the numerically calculated Comptonized CMB spectra have the
spectral indexes satisfying the same equation.
Considering a uniform spherical plasma cloud we have ob-
tained the angular dependence of the outgoing distorted CMB radi-
ation. The spectral shape of the intensity distortion, caused by tSZ
effect, is shown to be not universal for different directions of the
photons escaping from the cloud. This result, being a consequence
of the treatment of the radiation transfer in a spatially bounded
medium, complements the previous approaches and can be con-
sidered in the context of the future studies of the physics of galaxy
clusters. Evidently, our method allows us to consider a more in-
volved problem, for example, to find a solution in the case of a
non-zero peculiar velocity of a galaxy cluster or when its geometry
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Figure 11. Angular distribution of the spectral distortion of the CMB radi-
ation, outgoing from the cloud, calculated for the photon energy x = 2 (a),
x = 4.3 (b), x = 8 (c). The values of the temperature Θ, corresponding to
each curve, are indicated in the legend.
and/or density distribution has a complicated character. The code
can be considered as a useful tool to study a distribution of the
intergalactic gas in galaxy clusters, and also for testing the cosmo-
logical models.
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